FINITE TYPE MINIMAL ANNULI IN S 2 x M 

L. HAUSWIRTH, M. KILIAN, AND M. U. SCHMIDT 

Abstract. We study minimal annuli in S 2 x R of finite type by relating them to harmonic 
maps C —> § 2 of finite type. We rephrase an iteration by Pinkall-Sterling in terms of polynomial 
Killing fields. We discuss spectral curves, spectral data and the geometry of the isospectral 
set. We consider polynomial Killing fields with zeroes and the corresponding singular spectral 
curves, bubbletons and simple factors. We obtain a submanifold structure on the isospectral 
set of any minimal annulus. We apply the theory to a 2-parameter family of embedded minimal 
annuli foliated by horizontal circles. 
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Introduction 

In the last decade there has been an interest in extending minimal surface theory to the target 
space S 2 x M [27, 20, 21, 12, 15]. A minimal surface that is conformally immersed in § 2 x M is 
essentially described by a harmonic map G : C C — > S 2 . There is an important subclass of 
such harmonic maps that have an algebraic description, the so-called harmonic maps of finite 
type. For example, all constant mean curvature (CMC) tori in IR 3 , S 3 , H 3 have harmonic Gauss 
maps of finite type [14, 24]. The description of conformally immersed proper minimal annuli 
of finite type is analogous to the well known theory of constant mean curvature tori of finite 
type [14, 24, 2, 4, 9, 10, 7, 23]. Thus periodic minimal immersions X : C — > S 2 x M. of finite 
type can be described by algebraic data. Up to some finite dimensional and compact degrees 
of freedom the immersion is determined by the so-called spectral data (a, b). This consists of 
two polynomials of degree 2g respectively g + 1 for some g 6 N. The polynomial a(A) encodes 
a hyperelliptic Riemann surface called the spectral curve. The genus of the spectral curve is 
called spectral genus. The other polynomial 6(A) encodes the extrinsic closing conditions. This 
correspondence is called the algebro-geometric correspondence. In particular, we characterize 
those algebraic curves which are the spectral curves of minimal annuli in § 2 x R. The spectral 
data is the starting point for a deformation theory to be used in [13]. 
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Let us briefly outline this paper. In the first section we provide a short introduction to the local 
theory of minimal surfaces in § 2 x R and prove a Sym-Bobenko type formula. In the second 
section we discuss polynomial Killing fields, how these are related to the Pinkall-Sterling iteration 
and define the spectral curve. In the third section we invoke the Iwasawa factorization of the 
underlying loop groups, mention the generalized Weierstrass representation, and briefly discuss 
the Symes method [29, 5, 6]. In the fourth section we treat the spectral curve, the isospectral 
action, and prove some properties of the isospectral set. In particular we discuss singular spectral 
curves and how to remove singularities with the isospectral action. The isospectral set 1(a) 
of a minimal annulus consists of all minimal annuli with the same spectral data (a,b). We 
decompose 1(a) with the help of a group action into orbits and identify each orbit smoothly 
with a commutative Lie group. These orbits have different dimensions. The lower dimensional 
orbits are in the closures of the higher dimensional ones. Our main results are 

(1) The isospectral sets 1(a) are compact. 

(2) If the 2g-roots of a are pairwise distinct, then there is one orbit diffeomorphic to 

1(a) ^ (S 1 ) 9 . 

(3) If a has a double root «o 6 S 1 , then there is a diffeomorphism 

1(a) ^ 1(a) with o(A) = a (X - a ) 2 d(X). 

(4) If a has a double root a® ^ S 1 there are two invariant submanifolds diffeomorphic to 

1(a) ^ 1(a) U G x 1(a) with G = C or C* and a(\) = (A - a ) 2 (l - \a ) 2 a(\) 

In the fifth section we turn to periodic finite type harmonic maps, spectral data and how the 
closing conditions are encoded in the spectral curve. In section 6 we encounter bubbletons, 
simple factors and prove a factorization theorem for polynomial Killing fields with zeroes. In 
particular we show that changing the line in the simple factor is isoperiodic, and that for some 
choices of lines the nodal singularity on the spectral curve disappears. In the last section we 
compute the spectral data of minimal annuli in § 2 x R that are foliated by circles. These low 
spectral genus examples will play an important role in a forthcoming paper [13]. This paper 
presents a mostly self-contained account of the integrable systems approach to minimal surfaces 
in S 2 x R of finite type, but may also serve as a companion for other integrable surface geometries. 

1. Minimal surfaces in 8 2 x R 

We study conformal minimal immersions X : fl — > S 2 x R where O C C is open and simply 
connected. We write X = (G, h) for G : fl — > S 2 and h : fl — > R, and call G the horizontal, 
and h the vertical components of X. By conformality the induced metric is of the form 
ds 2 = p 2 (z)\dz\ 2 , and writing z = x + iy the partial derivatives satisfy \X X \ 2 = \X y \ 2 and 
X x -L X y = 0. 

If S 2 is isometrically embedded in R 3 , the mean curvature vector is 2H = ((A P G) T , A p h) = 
where (A p G) T is the tangential component to S 2 of the Laplacian in the induced metric. 

Thus minimal surfaces in S 2 x R are given by two harmonic maps G : fl — > S 2 and h : fl — >■ R. 
It turns out that conformality implies that the vertical component depends on the first factor 

(h z ) 2 = -(G z ,G z ) 

where h z = \(d x h—id y h). The holomorphic Hopf quadratic differential associate to the harmonic 
map G : fl ->■ S 2 is 

Q = (G z ,G z )(dz) 2 
and the third coordinate of the minimal surface is given by 

h(z) = Re / -2i v / Qdz 
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so that the essential freedom of a conformal minimal surface in § 2 x R comes from the horizontal 
component. The unit normal vector n in 8 2 x R has third coordinate 



bl 2 -i , 2 Gz 

m/=n3= wrr where 9 := ~m 







We define the real function oj : C — > R by 

?i3 := tanho; . 

We express the differential dG independently of z by: 

dG = G z dz + G z dz = 1 g^r, - 1 g r] 

la o G la o G 

and the metric ds 2 is given in a local coordinate 2 by 

ds 2 = (\G z \ a + |G,| CT ) 2 |d*| 2 = l(\ g \-i + \g\) 2 \ v \ 2 = 4\Q\ cosh 2 uj . 

We remark that the zeroes of Q correspond to the poles of uj, so that the immersion is well 
defined. Moreover the zeroes of Q are points, where the tangent plane is horizontal. The Jacobi 
operator is 

and can be expressed in terms of Q and u> by 

< M > ^Im^(^ + 8 » + 4|QI + ^, 

Since 713 = tanh u> is a Jacobi field obtained by vertical translation in S 2 x R, we have C tanh 00 = 
and 

Aw + |Q| sinhw cosh to = 
where A = d 2 . + <9 2 is the Laplacian in the flat metric. 

Minimal annulus. Consider a minimal annulus A properly immersed in S 2 x R. If A is tangent 
to a horizontal section x% = 0, the set An {X3 = 0} defines on A a compact component in some 
half-space X3 > or x% < with boundary in S 2 x {0}, a contradiction to the maximum principle. 
Hence the annulus is transverse to every horizontal section S 2 x {t}. The third coordinate map 
h : A — > R is a proper harmonic map on each end of A, with dh 7^ 0. Then each end of A is 
parabolic and the annulus can be conformally parameterized by C/rZ. We will consider in the 
following conformal minimal immersions X : C -> S 2 x R with X(z + r) = 

Since d/i / 0, the Hopf differential Q has no zeroes. If h* is the harmonic conjugate of h, we can 
use the holomorphic map i(h + i h* ) : C 2 — > C to parameterize the annulus by the conformal 
parameter z = x + iy. In this parametrization the period of the annulus is r 6 R and 

= (G(z), y) with X( 2 + r) = X(z) . 

We say that we have parameterized the surface by its third component. We remark that Q = 
\{dz) 2 and uj satisfies the sinh-Gordon equation 



(1.2) Au + sinh(w) cosh(w) = 

where A = d 2 + d 2 denotes the flat Laplacian of C. 

Remark 1.1. In this paper we will relax the condition r G R into r € C, but we will parameterize 
our annuli conformally such that Q will be constant, independent of z and 4\Q\ = 1. This means 
that the third coordinate is linear. 
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Theorem 1.2. A proper minimal annulus is parabolic and X : C/tZ, — > S 2 x R /ias conformal 
parametrization X(z) = (G(z), h(z)) with 

(1) harmonic map G : C/tZ — >■ § 2 x R. 

(2) constant Hopf differential Q = \ exp(i0) dz 2 , and h(z) = Re(— ie 10 / 2 z). 

(3) The metric of the immersion is ds 2 = cosh 2 (u;) dz £3 dz. 

(4) The third coordinate of the unit normal vector is n 3 = tanhw. 

(5) The real function uj : C/tZ — > R is a solution of sinh- Gordon equation (1.2). 

Sym-Bobenko type formula. There is a description of harmonic maps into the symmetric 
space S 2 in terms of SU 2 -valued frames. Identifying su 2 = R 3 , (_^_ iv u ^) = {u, v, w), so 
§ 2 C R 3 consists of length \X\ = VdetX = 1 elements in su 2 and (Xi,X 2 ) = -|tr(XiX 2 ). 
Pick 

^3 = (S-°i)e§ 2 . 

Let T denote the stabiliser of 0-3 under the adjoint action of SU 2 on su 2 , so that S 2 = SU 2 /T. If 
7r : SU 2 SU 2 /T is the coset projection, then a map F : ft C C — > SU 2 with G(z) = ir o F(z) is 
called a frame of G, and we have G(z) = F(z)a 3 F~ l (z). 

Harmonic maps come in S 1 -families (associated families), associate to the same solution of sinh- 
Gordon equation ui : Q, — > R. Here A G S 1 parameterizes an associated family of harmonic maps, 
and the frame F\ : CI — >■ SU 2 of such an associated family is called an extended frame. 

A method to obtain an extended frame is to write down an integrable 1-forms a which integrates 
to an extended frame F^ x dF x = a, by solving the integrability condition. We present a result 
which is similar to results in Bobenko [3]. We next specify for a real solution of the sinh-Gordon 
equation (1.2) a minimal surface in S 2 x R with a particularly simple vertical component. 

Theorem 1.3. Let uj : C — > R be a a solution of the sinh-Gordon equation. Let 7 £ S 1 be 
arbitrary but fixed, and F x (z) the solution of F^ l dF x = a(uj), F\(0) = 1 where 

Then the map X\(z) = (F\(z) 03 F\(z)~ 1 , Re(— iy/jX^z)) with A € S 1 defines an associate 
family of conformal minimal immersions X x : C — > S 2 x R with metric 

ds 2 = cosh 2 uj dz <S> dz , 

anc? #op/ differential 

Q = \ 7 A" 1 dz 2 . 

Proof. Decomposing a(w) = a' dz + a" dz into (1, 0) and (0, 1) parts, we compute 

, 1 / 2w« iA~ W"\ „ 1 / -2w« -i^e^A 
°* 4 \-ijoj- z e-" -2oj z - z J ' a * 4 ^iA^e" 2c 22 - ^ ' 

Using F^ l dF\ = a in the integrability condition (-F\)zz = (T x ) zz gives a4 — a" = [a', a"], and 
a direct computation shows this is equivalent to the sinh-Gordon equation (1.2). Hence we can 
integrate dF\ = F\ a to obtain a map F\ : C — > A r SU 2 and define G\ = F\ 03 F^ 1 . 

The vertical component is h = |(— 7 1 / 2 A~ 1 / 2 z + 7~ 1 / 2 A 1 / 2 z). 

Its partial derivatives of are h z = -§7 1 / 2 A -1 / 2 and h z = |7 _1 / 2 A 1//2 . Then 

<(X A ) 2 , (X x ) z ) = -±tr ([«', a 3 ] 2 ) + (h z ) 2 = , 

((X X )- Z , (X x )- Z ) = -±tr ([«", <r 3 ] 2 ) + (/> 2 -) 2 = 0, 
and the conformal factor computes to 

2((X X ) Z , (X x )- Z ) = 2([a', a 3 ], [a", a 3 }) + 2 (h z )(h z ) = \ cosh(2 W ) + 1 = cosh 2 (c) . 
The Hopf differential is Q = ((G x ) z , (G x ) z ) {dz) 2 = -itr ([a', a 3 } 2 ) (dz) 2 = ^A" 1 (dz) 2 . □ 
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Remark 1.4. Reality condition. For A € S 1 , a\ takes values in m 2 and then F\ takes values 
in SU 2 . For general X £ C* we look for solution F\ £ SL 2 (C). From the relation cFjyl' = ~ a \> 
the solution of F^ l dF\ = a{ui) satisfy the reality condition 



(1-4) F lf - X =F- . 

2. Polynomial Killing fields and spectral curves 

We explain in this section how solutions of sinh-Gordon equation gives polynomial Killing fields 
which are solutions of the Lax equation. This polynomial killing field define the so called Spectral 
curve, a hyperelliptic Riemann surface. 

If a; is a solution of the sinh-Gordon equation, we consider a deformation uit = co + tu + 0(t 2 ). 
If OJt is a one parameter family of solution of sinh-Gordon equation, then variational function 
u : C — > R satisfies the linearized sinh-Gordon equation 

(2.1) An + u cosh(2w) = . 

Definition 2.1. A solution of the sinh-Gordon equation ui is of finite type if there exist g € N 
and 7 € S 1 such that 

n=0 

is a solution of the Lax equation 

(2.3) d$ A = [$ A , a(w)] 

/or some functions u n ,T n ,a n : Q C C — > C. 

Proposition 2.2. Suppose &\ is of the form (2.2) /or some arbitrary uj : Q — > R, and i/iai <1>a 
solves the Lax equation (2.3) u>ii/i a(w) as m (1.3) and I7I = 1. Then: 

(1) The function uj is a solution of the sinh-Gordon equation (1.2). 

(2) The functions u n are solutions of the linearized sinh-Gordon equation (2.1). 

(3) The following iteration gives a formal solution of d<&\ — [^Aj o(<^)]. Let u n , o~ n , T n —\, 
with u n solution of (2.1) be given. Now solve the system 

T n] z = \ 17 e~ 2uJ u n , T n - Z = 4i7 U) z U n - z - 2i"y u n - zz 

for r n - z and T n - Z . Then define u n+ \ and o- n +i by 

u n+ i = -2ir n . z - Aiui z T n , a n+1 = 7 e 2a V n + 4i7 u n+1 . z . 

(4) Each r n is defined up to a complex constant c n , so u n+ \ is defined up to —Aic n uj z . 

(5) A^- 1 !^"* also solves (2.3). 

Proof. Inserting (2.2) into (2.3) and comparing coefficients yields 
(2.4a) Au n - Z + ie 2uJ a n+ i - ijT n = , 

(2.4b) Au n]Z + i7o-„ - ie 2w r n _i = , 

(2.4c) Aui z T n + 2r n;2 - iu n+ i = , 

(2.4d) 2e ul T n .- z - ije^Un = , 

(2.4e) 2e u 'a n - z + ije^Un = , 

(2.4f) Aui z o n + 2a n>z + i« n _i = . 

(1) Solving (2.4b) for a n +i, (2-4c) for u n+ \, (2.4d) for r n]Z , and inserting these, and u n+ \- z and 
T n - zz into (2.4a) gives e 2 ^ vyT n (\§uj zz - e~ 2ul + e 2w ) = 0, which implies (1.2) if r„ / 0. 

(2) d(2.4a) - ±ie 2w (2.4f) + ±i 7 e- w (2.4d) reads Au n;zz + \u n (e 2uJ + ^e~ 2uJ ) = 0. 
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(3) The equation for r n;z is (2.4d). Taking the z-derivative of (2.4a) and using (2.4a), (2.4c) 
and (2.4e) gives r n;z = Aryuj z u n - Z — 2ryu n - zz . The equations for u n+ \, a n +i are given by (2.4c) 
respectively (2.4b). 

(4) In the iteration (3) the function r n is determined up to an integration constant. This gives 
an additional term oj z in u n+ \. 

(5) Left to the reader. □ 

Pinkall-Sterling [24] simplify the iteration of Proposition 2.2 (3) via an auxiliary function (f> 
as follows: For a given solution u n of the linearized sinh-Gordon equation (2.1), consider the 
function <f> : C — > C defined by 

(2.5) (f) n;z = 4u z u n;z , <f> n - z = -Unsinhwcoshw 

Then r n = 2ij [\<j) n - u n - z ) and Mn+i '■ — {un)zz ~ lj Jz4 > n- This defines a hierarchy of solutions of 
(2.1). Applying this iteration to the trivial solution uq = yields the sequence, whose first four 
terms are 

u = , m = uj z , u 2 = (oj zzz - 2uj z ) , u 3 = (uj zzzzz - Wu zzz uj z - Wuj 2 zz uj z + 6u 5 z ) . 

This infinite sequence produces solutions of the linearized sinh-Gordon equation on C. These 
come from the iteration (2.5), and Pinkall-Sterling prove in Proposition 3.1 [24], that 4> n depends 
only on ui and its A;-th derivatives with k < 2n + 1 . The fact that we consider on C a uniformly 
bounded solution of the sinh-Gordon equation u : C — > R, implies by Schauder estimate that 
this sequence of linearized sinh-Gordon equation are uniformly bounded on C. 

Proposition 2.3. A proper minimal annulus A immersed in S 2 x R with bounded curvature 
and linear area growth has a metric ds 2 = cosh 2 w|ds| 2 ; where uj : C/rC — >■ R is a finite type 
solution of the sinh-Gordon equation. We say that the annulus is of finite type. 

Proof. A first step is to prove that the function uj : C/rC — > R is uniformly bounded. Consider 
a sequence of points p n in A such that co(p n ) is diverging to infinity and consider a sequence of 
translations t n e 3 such that A+t n e 3 is a sequence of annuli with p n +t n e3 points of S 2 x {0}. Then 
by bounded curvature hypothesis there is a sub-sequence converging locally to Aq, a properly 
immersed minimal surface. The linear area growth assumption assure that is an annulus. 
But our hypothesis leads to a pole occurring at the height t = since \oj\ — > oo. The limit 
normal vector n^(p n ) = tanhw ra (p n ) — > ±1 and the annulus Aq would be tangent to the height 
§ 2 x {0}, a contradiction to the maximum principle. Then 



Now we apply Schauder estimate to the sinh-Gordon equation to have a C k,a estimate on the 
solution of the sinh-Gordon equation on C/r Z x R. There exists a constant Co > such that 
for any k G N 



Meeks-Perez-Ros [19] provide us with the following 

Theorem 2.4. [19] An elliptic operator Lu = An + qu on a cylinder S 1 x R has for bounded 
and continuous q a finite dimensional kernel on the space of uniformly bounded C 2 -functions 



Since solutions uq,ui,U2--- of linearized sinh-Gordon equation are solutions depending only in 
u and its higher derivative, this family is a finite dimensional family by the theorem 2.4. Thus 
there is a g G N, and there exist a«, h L G C such that 



sup < Co- 

zeA 



w|A,«!,a < Co • 



on S 1 x R. 
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This algebraic relation implies that lo is of finite type, and ensures the existence of a polyno- 
mial Killing field <&a of degree g. To achieve that, one has to prescribe the right constants 
co, ci, . . . , c g in the iteration procedure, and set the g + 1-coefficient to zero. □ 

Potentials and polynomial Killing fields. The following set of potential V g parameterize 
real solutions of the sinh-Gordon equation: 

Definition 2.5. The open subset of a 3g + 1 dimensional real vector space of matrices called 
potentials is 

V 9 = {tx=j2 ^ I £-i G ( o T ) . trace(|_i| ) + 0, 
d=-i 

id = -i 9 -i-d G sl 2 (C) for d = -1, . . . , g}. 
1 i-g 

For £\ G V g , we have a map § — > su 2 , A h-» A 2 £ A . Each £a G V g satisfies the reality condition 
(2-6) X 9-^ = -^. 

The polynomial 



a(A) := -Adet^A 



then satisfies the reality condition 



(2.7) A 2 M1/A) = a(X) ■ 

On su 2 the determinant is the square of a norm, thus we have for A G S 1 that 

(2.8) A~ 9 a(A) < for A G 8 1 . 

When 5 is even, £())•••> are independent 2x2 traceless complex matrix. For an odd g, 

£0) £g-3 are independent 2x2 traceless complex matrix and £9^1 £ su 2 . Then the space of 

2 2 
potentials V g of real finite type solutions of the sinh-Gordon equation is an open subset of a 

3g + 1 dimensional real vector space. The condition tr(£_i£o) / implies that a(0) / and by 
symmetry the highest coefficient of a is therefore non-zero. Thus A i-> a(A) is a polynomial of 
degree 2g with complex coefficients, and we denote such by C 2s [A]. Define 

M g = {ae C 2s [A] I a(A) = -Adet£ A with £ A G 



(2.9) = {a G C 29 [A] I a(0) / 0, A 2s a(l/A) = a(A) and A~ 9 a(A) < for A G S 1 } , 

M° g = {aeM g \ \- 9 a(\) < for |A| = 1} . 

Note that is an open subset of the 2g + 1 dimensional real vector space M g . 

Definition 2.6. Polynomial Killing fields are maps (\ : C — > V g (see Definition 2.5) which 
solve the Lax equation 

d( x + [ a(z), Ca] = with Ca(0) = £a G V g . 

To obtain a polynomial killing field, related to the function uj : C — > R of finite type, we choose 
the constant 7 G S 1 in a(oj) (see formula (1.3)) such that 



Ca(*) = *x(z) ~ X 9 ' 1 $i/x(z) and Ca(0) = ^ 

satisfies the condition that the residue matrix coefficient £_i and £_i is an upper triangular 
matrix with purely imaginary non-zero coefficient. The map C\( z ) takes values in the space of 
potentials V g and satisfies the reality condition 



(2.10) A^d/A^) =-Ca(*)- 
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Spectral curve. Suppose £a £ F g and £a is the polynomial Killing field with Ca(0) = £a- 
Suppose further that the polynomial a(A) = — Adet^A has 2^-pairwise distinct roots. Define 

(2.11) S* = {(i/, A) G C 2 | det(i/ 1 - Ca) = 0} = {(i/, A) G C 2 | v 2 = -det£ A } 

By construction we have a map A : S* — >■ C* of degree 2, which is branched at the 2g simple 
roots of the polynomial a. By declaring the points over A = 0, oo to be two further branch 
points, we then have 2g + 2 branch points each of order e p = 2. This 2-point compactification 
£ is called the spectral curve of the polynomial Killing field Ca- 

The Riemann-Hurwitz formula reads 2genus(S) — 2 = deg(A)(2 genus(CP 1 ) — 2) + XX e p — 1) = 
2(— 2) + 2g + 2 and thus genus(S) = g. Hence the spectral curve S is a hyperelliptic Riemann 
surface of genus g, and its genus is called the spectral genus. It has three involutions 

(2.12) a : (A, v) ^ (A, -v) p : (A, v) >-)• (A -1 , -A 1-9 ^) r? : (A, i/) ^ (A -1 , A 1- ^) 

The involution a is called the hyperelliptic involution. Note that p has no fixed points. In 
particular, roots of a are symmetric with respect to inversion across the unit circle so that 
a(cti) = if and only if a(\/a>i) = 0. 

3. Harmonic maps and Weierstrass representation 

The generalized Weierstrass representation [8] gives a correspondence between harmonic maps, 
extended frames and 'potentials'. To formulate the generalized Weierstrass representation for 
harmonic maps into S 2 we need various loop groups and a loop group factorization. 

For real r G (0, 1], denote the circle S r = {A G C | |A| = r}, the disk I r = {A G C | |A| < r} and 
the annulus A r = {A G C | r < |A| < 1/r}. The loop group of SL 2 (C) is the infinite dimensional 
Lie group A r SL 2 (C) = 0(§ r , SL 2 (C)) of analytic maps § r — > SL 2 (C), A — > F\. 

We need two subgroups. The first is A r SU 2 = {F G 0(A r , SL 2 (C) | F| s i G SU 2 }. Thus 

(3.1) A^FaG A r SU 2 ^ F^* = F A - X . 

The second subgroup that participates in the Iwaswa decomposition is 

A+SL 2 (C) = {B G 0(/ r US r ,SL 2 (C)) | B(0) = (oi/ P ) for p G M + and c G C} . 

The normalization that B(0) is upper-triangular with real diagonals ensures that 

A r SU 2 nA+SL 2 (C) = {1}. 

We will denote in the following A — > B\ and B(0) = Bq. The following important result is due 
to Pressley-Segal [26], and generalized by Mcintosh [22]. 

Theorem 3.1. Multiplication A r SU 2 x A+SL 2 (C) — > A r SL 2 (C) is a real analytic diffeomorphism 
onto. The unique splitting of an element <p\ G A r SL 2 (C) into <p\ = F\ B\ with F\ G A r SU 2 and 
B\ G A+SL 2 (C) is called the r-Iwasawa decomposition of 4>\ or Iwasawa decomposition 
when r = 1. 

Before specializing to the finite type theory of harmonic maps G : C ->• § 2 , let us briefly recall 
the generalized Weierstrass representation [8]. Set 

A- lS [ 2 (C) = {eAGO(C*, S l 2 (C)) | (A60l A=o e (S C o*)}- 

A potential is a holomorphic 1-form on z G C with values in A ( ^ 1 s[2(C). Suppose that we have 
such a potential £\dz with ^a G Af° L sl2(C). To obtain a corresponding extended frame F\ is a 
two step procedure: 

(1) Solve the holomorphic ODE d<j)\ = to obtain a map C — > A r SL 2 (C), z — > 4>\(z). 

(2) For each z G C perform the r-Iwasawa factorization <f)\ (z) = F\(z) B\(z). Then the map 
C — > A r SU 2 ,z — > F\(z) is an extended frame. 
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Note that while <p\(z) is holomorphic in z G C, the resulting extended frame is not, since it 
also depends on z by the reality condition (1.4). It is proven in [8] that the map Ca i— ^ F\ is 
surjective. Hence for any conformal minimal immersion X = (G, h) : C — > S 2 x 1R there is a 
potential and corresponding extended frame which frames G. 

An extended frame is of (semi-simple) finite type, if there exists a g G N, and it has a cor- 
responding potential Ca<^z with Ca G "P 9 C A^ 1 st2(C). Hence harmonic maps of finite type 
come from constant (l,0)-forms with values in the finite dimensional space V g , and thus have 
an algebraic description. In the finite type case the first step in the above two step procedure 
is explicit, since then <p x = exp(z^)- Thus extended frames of finite type are obtained by 
factorizing exp(z^) = F x B x with Ca G V g . 
Expanding a polynomial Killing field Ca : C — > V g as 

(3.2) Cx(z)=(° C] (3 - 1 ( j 2) ) A" 1 + ( a °\ Z \ Mz ( \)x° + ... + H Z ] 
we associate a matrix 1-form defined by 

(3.3) a(Cx)=M Z \ 

\7o(z) -a ( z ) J \P-i(z)\ -a (z)J 

Remark 3.2. With initial data /3_i(0) G idR + , the Lax equation preserves /3_i(z) G iIR + . For a 
given potential Ca o-nd polynomial killing field Q\(z) : C — > V g we define a function oj : C — > R 
by setting 4/3_i(z) := ie w . Now the equation /3_i j2 = 2ao/3i implies that 2aQ = u z . To express 
70 in terms of ao and we consider the Lax equation and find d"7o = — 2ao7o- Then 

7o = qe~ w where q is a holomorphic function. The term q is constant. The reason is that 
along the parameter z, we have a(X) = —Xdet (\(z) = — AdetCA and a(0) = /3_i7o = (?/4. 
Coefficients of (\(z) depend only on higher derivatives of the function <jj(z) point wise in z and 
«(Ca(«)) = a(w). 

The following Proposition is well known, and the correspondence between potentials, polynomial 
Killing fields and extended frames is known as 'Symes method' [5, 6, 29]. 

Proposition 3.3. For each Ca G V g there is a unique polynomial Killing field (\ : C — > V g 
solving dQ x = [Ca, «(Ca)] with Ca(0) = Ca- The unitary factor F\ : C — > ASU 2 of the Iwasawa 
decomposition exp(z^A) = F\B\ is a solution of F^ 1 dF x = a((\) with initial value F x (0) = 1 
and Cx(z) = B x (z) £ A B~\z) = F~\z) Ca F x (z). 

Proof. Clearly Ca = B x (z) Ca B~ H z ) = F x \z)^ x F x (z) uniquely solves d( x = [Ca, F^dF x ] 
with initial condition Ca(0) = Ca, so it remains to show F^ l dF x = a(( x ). 

By unitarity (1.4) have F^ 1 dF\ = a_iA _1 + Oo + OiA, and if we decompose dj = a'jdz + o!-dz 
into (1, 0) and (0, 1) parts, then we have in addition that 

Now F X ~ 1 (F X ) Z = Ca - {B X ) Z B^ 1 , and (B X ) Z B^ is holomorphic at A = 0. Hence o'_ x = C-i- 
Further, F X ~ 1 (F X ) S = — (B^zB^ 1 implies a"_i = 0. It remains to determine ao- 

Expand B x = Bq + Bi\ + — Now a' = Co — (L>o) z Bq 1 . Since Bq is upper-triangular, then so 
is (-Bo) z B^ 1 . Hence the lower-diagonal term of a' is 70, and the upper-diagonal term of a' ' is 
—70. Also Oq = — (Bq)zBq X is upper-triangular, so the lower-diagonal entry of o ' is zero, and 
consequently also the upper-diagonal entry of a is zero. 

Finally, writing B(0) = B = ((J i/ p ), and a' = \ ), then u = p~ l p 2 and u = a - p~ x p z - 
The two equations, and since p is real analytic, give 2u = ao- □ 
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4. ISOSPECTRAL SET 

Define for polynomial Killing field Ca : C — > V g as in (3.2), and a(A) = — Adet Ca| z= o the set 
1(a) := G P 5 | Adet£ A = -a(A) and /3-i7o| z=0 = «(0) = -^'^ := -±e i@ ] . 

Thus 1(a) consists of all initial conditions £ A which give rise to the same spectral curve £ and 
the same off-diagonal product o(0) — /?_ 1T0 1 ^=o • The set 1(a) is called the isospectral set of 
the polynomial Killing field Ca- We next define the isospectral action tt : C g x 1(a) — > 1(a). 

Definition 4.1. Let Ca G /(a) and t = (to, . . . ,t g -i) G C 9 , and 

9-1 

(4.1) exp(H x ^2\-%)=F x (t)B x (t) 

i=0 

£/te Iwasawa factorization. Define the map n(t) : 1(a) — > 1(a) by 

n(t)^ = B x (t)CB- 1 (t) 

Since F x (t)B x (t) commutes with £ A we have ir(t) C A = B A (t) C A B~\t) = F~\t) £ A F x (t). 
Proposition 4.2. The map ir(t) : 1(a) — > 1(a) defines a commutative group action 

tt(/ + t') = 7r(t) Tr(t') = Tr(t') 7r(t) . 

Proof. For i, t' G C have F x (t+t')B x (t+t') = F x (t)B x (t)F x (t')B x (t') = F x (t')B x (t')F x (t)B x (t). 
Hence 

exp(£ A (t)C A £ A 1 (0 SA-^) = B x {t)F x (lf)B x {lf)B^(t) = F^(t)F x (t + i')S A (i + t'JB" x (t) , 
exp(£ A (06^(0 = B x (t')F x (t)B x (t)B-\t') = F^(lf)F x (t + i')S A (i + t')B-\t') . 

Set B A (t) = B x (t + t^B' 1 ^') and B x (t') = B x (t + t^B' 1 ^). Then 

7r(t + 06 = B A (t + if) 6 s- 1 ^ + 

= ^(OSaW^ 1 ^, V) = £ A (f) HO = 

= ^(^^(OG^HO^W = ^(^(OCa^) = 7r(t)ir(f)6 

□ 

Removing singularities on S. Elements of different isospectral sets may give the same 
extended frame. This is the case in particular if an initial value £ A has a root at some A = ao G 
C*. Then the corresponding polynomial Killing field C A also has a root at A = a$ for all z G C. 
In this case we may reduce the order of £ A and Ca without changing the corresponding extended 
frame. This situation corresponds to a singular spectral curve because then the polynomial 
a(\) = — Adet£ A has a root of order at least two at ao- We can remove such a singularity 
without changing the surface, by choosing a polynomial p(X) such that £ A = £ A /p(A) does not 
vanish at ao- This is then the initial value of a polynomial Killing field Ca without zeroes at ao- 
We next show that both polynomial Killing fields Ca and ( X /p(X) give rise to the same extended 
frame, and thus the same minimal surface. 

Proposition 4.3. Suppose a polynomial Killing field Ca has zeroes in A G C*. Then there is 
a polynomial p(X) such that Ca/p(A) has no zeroes in A G C*. If F x and F x are the extended 
frames o/Ca respectively Q x /p(X), then F x (z) = F x (p(0)z). 

Proof. Suppose the polynomial Killing field ( x (z) = F^ 1 (z)£ x F x (z) has a root at A = ao- Define 

-y/aoA — y/ao if ao G S 1 

(A — ao)(l — aoA) for all ao G C, |ao| / 



p(X) 
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If Ca has a simple root at A = ao £ C*, then Ca/p(A) : C — >■ A^ 1 dcgp sl 2 (C) does not vanish at 
cko- Then there is a map C : C — >■ A + SL2(C) such that 

F A (z) B A (z) = exp(^A) = exp(p(A) z^a) = exp(;p(0) z Ca) C(z) = F A (p(0)z)B A (p(0)*) 

and 



F x (z) = F x (p(0)z) 



F\{-\/aoz) for |a | = 1 
F\(—aoz) for all a G C, |ckq| / 



Hence amongst all polynomial Killing fields that give rise to an extended frame of finite type 
there is one of smallest possible degree. □ 

We say that a polynomial Killing field has minimal degree if and only if it has neither roots nor 
poles in A G C*. We summarize two results by Burstall-Pedit [5, 6]. The first part is a variant 
of Theorem 4.3 in [5], the second part follows immediately from results in [6]. 

Theorem 4.4. For an extended frame of finite type there exists a unique polynomial Killing field 
of minimal degree. There is a smooth 1-1 correspondence between the set of extended frames of 
finite type and the set of polynomial Killing fields without zeroes. 

Proof. We briefly outline how to prove the existence and uniqueness of a minimal element. If the 
initial value Ca gives rise to an extended frame F\, then the corresponding polynomial Killing 
field Ca can be modified according to Proposition 4.3 so that Ca is of minimal degree, and still 
giving rise to F\. Hence there exists a polynomial Killing field of least degree giving rise to F\. 

For the uniqueness, assume we have two initial values Ca> Ca of least degree g both giving rise to 
F\. Putting Proposition 3.3 and Corollary 3.8 in [6] together gives: Two finite type initial values 
give rise to the same associated family if and only if they commute and have equal residues. 
Since the residues coincide and both £ A , Ca ar e of minimal degree, we conclude that Ca = Ca- 
The unique minimal polynomial Killing field is thus Ca = ^ 1 Ca^ ? a- D 

Remark 4.5. Since the Iwasawa factorization is a diffeomorphism, and all other operations 
involved in obtaining an extended frame from a polynomial Killing field are smooth, the resulting 
minimal surface depends smoothly on the entries of the polynomial Killing field, and thus also 
smoothly on the entries of its initial value. 

For Ca £ 1(a) the polynomial a(A) = — AdetCA has the form 

9 

(4.2) a(X) = b Y[(\ - c*i)(l - Xeti) , 6 € R~ . 

i=i 

The condition (2.8) implies a(l) < so that b G R~. 

Lemma 4.6. (1) If a has a double root ao G S 1 , then we have an isomorphism 

1(a) = I(a (A - a )~ 2 a) , Ca \/ao(A - «o)~ 1 Ca • 

(2) // a has double root a £ S 1 then 1(a) = {Ca G 1(a) | Ca / 0} U {Ca G 1(a) | Ca = °l and 
there is an isomorphism 

{Ca G 1(a) | Ca = 0} = /((A - a ) _1 (l - aoA)" 1 a) ,Ca ^ (A - a ) _1 (l - aoA)" 1 Ca 

Proof. (1) If a has a double root at ao G S 1 then for any Ca £ I( a )> we have Ca = 0. We can 
remove this root by Proposition 4.3. 

(2) Suppose a has a double root at Qo ^ S 1 . Then the isospectral set splits into a part which 
contains potentials with a zero at ao, which we can remove, and the set of potentials not zero 
at ao- But in this last case, this means that C« i s a nilpotent matrix. □ 
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Theorem 4.7. Isospectral sets are compact. If the 2g-roots of a(X) = —A det^A f or £a £ Tg are 

pairwise distinct, then 1(a) = (S 1 ) 9 is a connected smooth g-dimensional manifold diffeomorphic 
to a g-dimensional real torus. 

The proof of Theorem 4.7 follows in several steps. The compactness is a consequence of the next 
Proposition 4.8. The second statement follows from Propositions 4.9 and 4.10. We shall prove 
several properties of the map 

(4.3) A:P g -> M g , £a -A det £a . 

Proposition 4.8. The map A in (4.3) is proper. 

Proof. Since A is continuous it suffices to show that pre-images of compact sets are bounded. 
Let K C M g be compact. Then the map S 1 x K — > E, (A, a) H> A~ 9 a(A) is bounded. For 
the compactness of the pre-image it suffices to show that all Laurent-coefficients of a £\ G V g 
are bounded, if A(£\) G K. Fix a polynomial a G K and consider the isospectral set 1(a) as a 
closed subset of the (3g + l)-dimensional vector space V g . For d = (1 — g)/2 the product \ d £,\ 
is traceless and skew-hermitian on |A| = 1. The determinant of traceless skew-hermitian 2x2 
matrices is the square of a norm. The Laurent-coefficients of £\ = Yli=-i A* & are 

27T1 Jsl 



A 



Using a norm gives 



[ |aM/ 2 6J ^ < sup V-a-MA). 

2vri J§i A AeS i 



AGS 1 

Thus each entry of £j is bounded on S 1 , so 4 is proper and 1(a) therefore compact. □ 

Proposition 4.9. Suppose £\ G P 9 /tas no roots on C*. T/ien i/ie map ^4 in (4.3) has maximal 
rank 2g + 1. Let a(A) = — Adet^A- 27ien /(a) is a g-dimensional sub-manifold ofV g . 

Proof. Since det is the square of a norm on su 2 , at all roots of a on S 1 , the corresponding 
£a £ I( a ) has to vanish. If £\ is without roots, then a G .M^. We show that the derivative of 
the map A has rank 2g+l at a potential £\ without roots, and then invoke the implicit function 
theorem. Hence it suffices to prove that for all roots «o of a of order n, and all /3 G C there 
exists a tangent vector £\ along 7-p at £\, such that the corresponding derivative of a is equal to 

f3a(\) A m /3a(A) 



d(A) = -Adet£ A tr(rf A ) = t^^t + TT 12 ^ with m = 1, 



n . 



* A SAy (A-a ) m ' (1-aoA)' 

Such a vector field fixes all root of a except a^. The set of these vector fields form a 2g- 
dimensional real vector space. We will consider i\ = t£\ with t > to ensure the constant b in 
(4.2) satisfies b G E~. Then we have 

d(A) = -A det 6^(^60 = -2Atdet& • 

This vector field preserves all roots of a(A), but changes a(l) with variational field d(l) = ta(l) 
and b G E~ is changing non-trivially. This will prove the theorem. 

Now we construct vector fields £\. If ao is a root of a of order n, then det£ ao vanishes, and £ ao 
is nilpotent. For a nonzero nilpotent 2 x 2-matrix £ ao there exists a matrix Q G su 2 such that 
£,a = [Q, £,a ]- To prove this remark, observe that it holds if £o = ( q J ), by setting Qo = ( J -i ) ■ 
The general statement now follows since there exists g G SU 2 with £ ao = g~ l ^g, and setting 

Q = g^Qog- 

We need the following basic fact: For A, B G sl 2 (C) and A / 0, we have 
(4.4) tr(AB) = <^> B = [C, A] with some C G sl 2 (C) . 
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For any ^ G Pg, we have ^ = — det(^) 1 and at a root ao of a(A) of order n, there exists for 
any m = 1, n, a matrix 



Qx(m) = Q + Qi(X- oq) + ... + Q m _i(A - a ) m 1 

with Qq, . . . , Q n _i G sl 2 (C), such that £\ — [Q\(m), £\] has at ao a root of order m. The 
matrix Q\(m) is constructed inductively using (4.4). We remark that at ao, the function A i— > 
tr(£|) has a root of order n. Then there is Qo such that £a — [Qo, £a] = (A — ao)£\,i and 
tr(6v(6v — [Qo, £a])) = — a o)tr(^A^A,i) nas a ro °t at a o of order n. Then there is a matrix Qi 
with £a,i — [Qi, £a] = (A — ao)Q2- Now we define for m = 1, ...,n 

Q\(m) = -*Q - *0i(l - a A)A- 1 - ... - *Q m _i(l - aoA)™^™- 1 . 

Then £\ — [Q\(m), £\] has at 1 a root of order m. Now we define 

qm(X) = (A^F + (1 - aoV ^ QA(m) = (A^F° A(m) + (l-aoV ^ (m) - 
There exists some P G su 2 , such that 

6 = ^(A)^ " [Q\(m), 6] + [i 5 , 6] G • 

To see that we need to check £_i G iM + ( g J ) and |a| (0) = 0. Note that if A G su 2 and £ = ( g J ) , 
then [A, B] = (g l x a ) with a G C, x G M. Then we can choose P G su 2 such that 

f" 1 " (Z^ + [P,f-i]€iR ^ 

For the second condition, we have (aa + aa)(0) = |a| 2 (0)(-a ) _n (/3 + /3) and we can choose 
(3 G C, such that the variational field keeps |a(0)| unchanged along the deformation. This proves 
that £a G V g , and such vector fields span a 2g + 1 real vector space of vector fields in the 
complement of the kernel of the map. This proves that around £\ without zeroes, 1(a) is a real 
g-dimensional manifold. □ 

Proposition 4.10. For all £\ G 7-g without roots the vector fields of the isospectral group action 
generate at £,\ a real g- dimensional subspace of the tangent space V g at £\. 

Proof. The vector field (to, ■ ■ ■ , tg-i) of the isospectral action at £ takes the values 

ca = [(E A ~^) + , ca] = -[(E A_< **&)~ a] • 

i=0 i=0 

Here 

E A ~^* ^ = (E a-^ e A ) + + (E a) _ 

i=0 i=0 i=0 

is the Lie algebra decomposition of the Iwasawa decomposition. For A G sl 2 (C), with A ^ 0, 
we have that {B G st 2 (C) | [A, B] = 0} = {xA | x G C}. Hence the vector field corresponding 
to (to, • • • , tg-i) vanishes at £a if and only if there exists a decomposition of the polynomial 
Yli=o = f + + f~ into complex functions such that 

<?-! 9-1 

(E X ~ H * &) + = + ^ and (E \-% 6) " = /" 6 ■ 

i=0 i=0 



This implies that /+ obeys / + (A x ) = A 9 / + (A) and / vanishes at A = 0. The polynomial 
Ylf=o ^~ l U i s a linear combination of such functions, if and only if t g -±-i = t{. The subspace of 
such (to, • • • , tg-i) is a real ^-dimensional subspace of C 9 . This implies the proposition. □ 
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Recall M g = {a G C 29 [A] | a(X) = -Adet£ A with £ A G V g } from (2.9), and define 
Mg = {a G A4 9 | a has 2g-pairwise distinct roots } , 
V] = {£a G I o(A) = -Adet^ A G M g ) . 

Proposition 4.11. For all a G M g , the isospectral action 7r : IR 9 x 1(a) — > 1(a) acts transitively 
on 1(a) and the mapping A : Vg — > M l g is a principal bundle with fibre 1(a) = (8 1 ) 9 . 

Proof. At all roots of £a G V g , the determinant det£ A has a double root. Hence all £ A G Vg have 
no roots on A G C*. Proposition 4.9 implies that A : Vg — >■ M g has maximal rank 2g + 1 and 
induces a fibre bundle, whose fibres are real ^-dimensional manifolds. The isospectral action 
preserves the determinant and thus the fibres. Proposition 4.10 implies that for all £ A G Vg the 
corresponding orbit of the isospectral action is an open submanifold of the corresponding fibre. 
If 7r(t n )^A converges to £\ G Vg for a sequence (t n ) n gN in ~^ g , then the orbit of £ A is again an 
open submanifold of the corresponding fibre. Therefore Tr(t n ) £\ belongs to the orbit of £a for 
sufficiently large n G N. Then Tr(t n ){;\ = ^(t' n )^x and £a = n(t n — t' n ) £a is in the orbit of £ A - 
This shows that the orbits of the isospectral set 1(a) are open and closed submanifolds of the 
fibre. Due to Proposition 4.8 the fibers are compact. Therefore all orbits are compact as well. 
Due to Proposition 4.10, for all £ A G Vg the stabilizer subgroup 

(4.5) r £A = {*€R»|7r(tK A =&} 

is discrete and IR 9 /r^ A is diffeomorphic to the connected component of the fibre of £ A - We 
conclude that T^ x is a lattice in R 9 isomorphic to Z 9 . This shows that A : Vg — >■ M g is a fibre 
bundle, whose fibres have connected components all isomorphic to (8 1 ) 9 . 

It remains to prove that 1(a) has only one connected component. Now M g (see (2.9)) is a convex 
open subset of a 2g+ 1-dimensional real vector space and hence connected. Since M g is an open 
subset of M®, whose complement M g \ M 1 g has codimension at least 2, we conclude that M g is 
connected and A : Vg — > M g has maximal rank 2g + 1 at any point. Hence it remains to show 
that there exists at least one a G M g , such that 1(a) has only one connected component. 

Denote the entries of £a £ 'Pg by polynomials a, /3,7 so that £a = (7^*)- Then a(A) = 
— Adet^A = Aa 2 + A/37. Here a is a polynomial of degree at most g — 1. For |A| = 1 the 

1 — 9 10 1 

polynomial \~z~a G iM and A 9 a < 0, and therefore A s /?7 G R. 

Now we consider a potential ^ A with A/3 = 7, and 7 has only roots on |A| = 1. We claim 
in this case that 1(a) is connected. This condition on f3 implies that a(A) = Aa 2 + 7 2 and 
A3 7 (A- 1 ) = -A/3(A) = -7(A). Now observe that A^7 2 < and A~ 9 a(A) < A^^a 2 < 0. 

Let |a £ 1(a) with entries a, /3, 7. We construct a family ^\,t = ( -a t ) w hh a t = ta + (1 — £)q. 
We prove that there exist polynomials fialt uniquely defined such that ^\,t £ 1(a) for all 
t G [0, 1], with /3i = /3, 71 = 7 and /3 = /3, 70 = 7. 

Since A 1-9 a 2 < for |A| = 1 we have A 1-9 a 2 < for all t G [0, 1]. Now we consider the 
polynomial pt(A) = a(A) — A 1-9 a 2 . If ao is a root ofpt(X), then «q 1 is a root of pt(A). For t = 
we know that po(X) = A/37 where roots of /3 are symmetric to the roots of 7. At roots of pt(A) 
we can define /3j and 7t with /3i G At t = 1, we have p(A) = 7 2 and all the roots of p\ are 

double roots on the unit circle. Then 7 is defined uniquely, and 1(a) is connected, if we can find 
such a path with a G Mg. 

Therefore we consider 7 = X 9 + 1 and a = i5(X 9 ' 1 + 1) with 5 G M + . Then = A 9 + 1 = A 9-1 + 1 
implies A 9_1 (l — A) = 0. Then the polynomials 7 and a do not have common roots. Hence at 
5 = we have A~ 9 a(A) = A 1_9 a 2 + A~ 9 7 2 < for |A| = 1, and a has only double roots on the 
unit circle. For 5 > small enough, the roots change. But there are no roots on the unit circle 
and the roots are simple and conjugate, so that a G M g . □ 
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5. Periods 

Suppose X\(z) = (G x (z), h\{z)) is an associated family of minimal surfaces in § 2 x R. For 
one member of this family to be periodic, say for A = 1 with period r G C*, this means that 
Xi(z+t) = Xi(z) for all z G C, or equivalently G\{z+t) = G\{z) and h\{z+r) = h±(z) for all z G 
C. Finally, if G x (z) = F x {z) F x {z)~ l and/i A (z) = Re(-4i A //3_i 7o A- 1 z) = Re(-ie ie / 2 \/F T z) 
(where Q = ^e 1 ® (dz) 2 ) then periodicity reads 

[F{ 1 (z)F l {z + r), cj 3 ] =0 and Re(-ie ie / 2 r) = . 

The monodromy of an extended frame Fx with respect to the period r is the matrix 

M x (r)=F x (zy l F x (z + r). 

Thus periodicity of the horizontal part reads [M x (t), u 3] = 0. Due to (1.3), the monodromy 
C* — > SL 2 (C), A 1 y M\(t) is a holomorphic map with essential singularities at A = 0, 00. 

For a periodic immersion its conformal factor uj is periodic, and hence also a(u) in (1.3) is 
periodic. This in turn implies that dM x (r) = so that M A (r) does not depend on z. Hence 
M x (t) = F^O)- 1 F x (r) = F x (t) since F A (0) = 1. 

Let Ca be a periodic solution of the Lax equation (2.3) with initial value £ A G V g , with period r 
so that ^ x (z + t) = Cx( z ) f° r an z € C Then also the corresponding q;(Ca) m (3-3) is r-periodic. 
Let dF x = F x a(£ x ), F x (0) = 1 and M A (r) = F x (t) be the monodromy with respect to r. Then 
for z = we have £a = Ca(0) = Ca(t) = F~\t) £ a F x {t) = M~\t) £ a M a (t) and thus 

[M A (r),£ A ]=0. 

The monodromy takes values in SU 2 for |A| = 1. The monodromy depends on the choice of base 
point, but its conjugacy class and hence eigenvalues ji, do not. The eigenspaces of M(A, r) 
depend holomorphically on (u, A). The eigenvalues of £ A and M A (r) are different functions on 
the spectral curve S. 

Proposition 5.1. Let M x = g) G ASU 2 and Ca = (° _ a ) 6 ?s ™^ [ M ^> Ca] = 0- Assume 
v 7^ and fi 2 ^ 1. Then M x and Ca /iave same eigenvectors ip + = (1, (zv — a)/ (3), ip- = 
(1, -(i/ + a)//3) with 

Ca^- = —vip- and Mip^ = ip- . 
The involution 77 : (A, 1/) — >■ (A -1 , A 1 ^ 9 ^) acts on /j 6t/ 77* /i = fx. 

Proof. From the reality condition X 9 ~ 1 Ci/ x t = — Ca or equivalently Ci/ A = —^ 1 ~ 9 Cx t and with 
tp- = (1, — (u + a)/7) we have 

C 1/X ^- = -A 1 -« (| J_) ^_=A 1 - 9 ^_. 

Since ~ l = M A , and M A V>+ = /-tY>+, an d VM- = (1> (V ~~ a )l 'ft) = (1) 7/(^ + a ))> we obtain 

the system 

A + C^— = [1 and £ + L>^— = ll^— 

v + a z^ + a v + a 

— — r * _ 

This implies by direct computation that M 1 ^ A V- = ^ A ip- = fJbip-. □ 

At A = and A = 00 a monodromy M A (r) has essential singularities. Next we study the behavior 
of n = fi(X, t) at these two points. 
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Lemma 5.2. Consider (\(z) = F\(z) 1 £,\F\(z), andip = tp(X, z) = (1, h(X, z)) an eigenvector 
of C\(z). Then there exists a complex function f = /(A, z) such that 

(5.1) /(A, z)tp(X, z) = F^ 1 (z)tp(\, 0) 

which satisfies 

(1) /-irf/ = -|A- 1 / 2 exp(ie/2)^ + 0(l) in a neighborhood of A = 

(2) f- x df = -|A 1 / 2 exp(-i6/2)dz + 0(l) in a neighborhood of X = oo. 

Proof. Note that the functions /i(A, z) and /(A, z) are 2-valued in A, because they depend on 
the choice of eigenvalue. By Proposition 5.1 an eigenvector of the matrix 



associate to the eigenvalue v = ^a(X)X 1 is given by ip(X, z ) = (1> { v ~ a )/P)- Now using 
C\(z) = F^ 1 (z) £a F\(z) we see that F^ 1 (z) ip(X, 0) is an eigenvector of (\(z) and it is collinear 
to ip(X, z). This defines the function /(A, z). 

Differentiating (5.1) reads df ip + / dip = —a((\)F^ 1 ip\ z=0 , and then 
(5.2) /- 1 d/^ = -a(C A )V'-#- 

At a neighborhood of A = 0, we have v 2 = - det Ca = Aq2 + A/?7 = ^p- + 0(1) = ^ + 0(1). 
Expanding at A = 

«(Ca) = (^ /3 -_ i q a ; 1 )^ + o(i), 

and considering the first entry of the vector equation (5.2) yields 

■, v - a(z) -ie i0/2 

f-^df = -a dz - ^iX- 1 - \ ' dz + O(l) = -vdz + O(l) = ^dz + 0(1) . 

P{z) 4VA 

At a neighborhood of A = oo, we have 

«(Ca) = (_-£ ( ; a ^ )^ + o(i) 

and we obtain (ii) by considering the eigenvector ip = (^Jz^, and looking at the second entry 

f- L df = faX-J—dz + 0(1) = fi-iA^i y/xdz + O(l) = '^'^ d-z + 0(1) . 
v — ol V~ a 2g 4 

Further, £ d = implies = -70 and a 2g = -/3 fl _i7 9 = -70/8-1 = e~ l6 /16. □ 

Using these properties we compute the local behavior of fi(X, r) near A = and A = 00. 

Proposition 5.3. Let X : A — >■ § 2 xR 6e an immersed finite type minimal cylinder with spectral 
curve S. TTien i/iere exists a meromorphic differential dha.fi on £ mt/i second order poles without 
residues at X = 0, 00 so i/iai dln/x — |ir exp(iG/2) d\/A _1 extends holomorphically to X = 0, 
ana 7 din// — |if exp(— i©/2) d\/A extends holomorphically to X = 00. 

T/iis differential is the logarithmic derivative of a function fi : £ — >■ C which transforms under 
the involutions (2.12) as cr*^ = [iT 1 , p*fi = fT x and rj*fj, = p,. Further fj, = ±1 ai eac/i branch 
point of £ . 

Proof. If 7^ 0, the eigenspace of Ca is a complex 1-dimensional vector space and since \M\, £\] = 
0, every eigenvector ip of Ca with associated eigenvalue v / is an eigenvector of M\ with 
eigenvalue \i which depends only on (is, A). If v = then // = ±1. Note that \i is a non- 
zero holomorphic function on £\{0,oo}. At A = and A = 00, the monodromy has essen- 
tial singularities and we thus need the local analysis of Lemma 5.2. If r is the period of the 
annulus, we have V(r) = ^(0) and /(r)^(0) = i^V(O)- Then A* = Thi s proves 

that at A = 0, dm// — | exp(i6/2) r d\/A is holomorphic, and at A = 00 the differential 
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dlnp — | exp(— i0/2) r d\fX extends holomorphically. The differential dlnp has second order 
pole without residues at A = and at A = oo. 

If ip + and are eigenvectors associated to eigenvalues ±z/ of (\, the corresponding eigenvalues 
p± of M A with p + p_ = 1. To see how the involution 77 acts on /x, we note that since M\ satisfies 
(1.4), we have that p is the corresponding eigenvalue of M 1 i^ associated to p by Proposition 
5.1. Thus n* p = p. Similarly p*p = p since p has no fixed point on E. 

If ^ = 0, then det (A = 0, so let (ei, £2) G C 2 such that Ca(ci) = and C\{&2) = 5ei. Since 
Ma G SL 2 (C), we set the basis (ei, 62) of eigenvector of M\ associate to p and p~ l and Ca(ci) = 
Ki^ei, Ca(c2) = K25ei. Inserting this in M\(\(ei) = (\M\(ei) proves that p = p^ 1 . This proves 
that the holomorphic function p take values ±1 at each branch points of E. □ 

Next we relate the eigenfunction p with the isospectral action. We prove in particular that 
the existence of such a holomorphic function is a sufficient condition to close the period of a 
polynomial Killing field with any initial potential. 

Proposition 5.4. The stabilizer T £ A in (4.5) depends only on the orbit of £\. If 7 G T^ x satisfies 
= =tl f or some £\ G V g then the same is true for every element in the orbit of £\. The 
period r is related to t = (r, , 0) G T^ A . 

Proof. This is the direct consequence of the commuting property of the isospectral action. We 
have only to remark that 7t( 7 )£a = £a implies that 7r( 7 )7r(i) £a = 7r (*) 7r (7) £a = 7r(t) £ A - □ 

Proposition 5.5. Assume £\ G 7^ /ias no roois. TTten 7 G T^ x if and only if there exists on E 
a function p which satisfies the following properties: 

(1) /i is holomorphic on E* and there exist holomorphic functions f, g on C* with p = f v+g. 

(2) a* p = p~ 1 ,p*p = p~ 1 ,i]*p = /2 and p = ±1 at each branch point oti o/E. 

(3) dlnp is a meromorphic differential one form with dlnp — d(Y^fZo liX~ % v) holomorphic 
in a neighborhood of A = and dlnp + d(X)f=o 7i^ l+1_9 ^) ^ s holomorphic at A = 00. 

Proof. For 7 G R 9 , we write exp(^?~ 1 7iA~ l £\) = -^a( 7 )-Ba( 7 ) for the Iwasawa decomposition. 
Then 7 G % if and only if [F A ( 7 ), &] = [B A ( 7 ), &] = 0. Hence F A ( 7 ) and £ A ( 7 ) act trivially 
on £ A and £a = Ca(0) = Ca( 7 ) = ^(tKa^aCt) = #a( 7 Ka #a '( 7 )- Since F A ( 7 ) and S A ( 7 ) 
commute with £ A , we have by (4.4) that F A ( 7 ) = /(A) £ A + |tr(F A ( 7 )) 1 and £ A ( 7 ) = e(A) £ A + 
^tr(S A ( 7 )) 1 with functions e,/ depending only on A. In this case we define on the spectral 
curve E the eigenvalue function p(X) of i ? \( 7 ) by 

p(X) = /(A) £/ + g(X) = f(X) v + ±tr(F A ( 7 )). 

We prove that p satisfies properties (1), (2) and (3). Since A — > i 7 \( 7 ) is holomorphic, the 
function A —> tr(i 7 A( 7 )) is holomorphic on E \ {0,od}. Since -Fa( 7 ) and £a commute, can write 
/£a = -F\( 7 ) — ^tr(i ? A( 7 ))l), and since £a has no zeroes conclude that A 1— >■ /(A) is holomorphic. 
Hence p : E — > C is holomorphic and /, g have no poles on C*, proving (1). 
Property (2) follows since p is the eigenvalue of i 7 A( 7 ) and F\ satisfies (1.4). 

At A = 0, the eigenvalue of the matrix B\(j) = e(X)^\ + ^trace(B A ( 7 ))l is holomorphic, so 
e(0) = (£ A has a pole at A = 0). Hence -E?a( 7 ) = 1 at A = 0. Now we have only to remark that 

9-1 

exp(^ 7 jA~V) 

i=0 

is the product of eigenvalue of the product F\( 7 )5 A ( 7 ). Then at A = 0, this is precisely the 
value of p, which proves (3). Similarly, using p*dlnp = dlnp allows to deal with the point 
A = 00. 

Conversely, we assume there is a function p : E — > C which satisfies conditions (1),(2) and (3). 
Assume p can be written with two holomorphic function f,g:C*—>Cbyp = fi/ + g. Hence 
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F = f£\ + gl is holomorphic on £ \ {0, 00} and belongs to the first factor of the Iwasawa 
decomposition (a consequence of (ii)). Due to (iii), the matrix 

9-1 

S A = F- 1 exp(^ 7j A- l eA) 

i=0 

is holomorphic in a neighborhood of A = and [B\, £\] = 0. Since B\ — ^tr(i?^)l is at A = 
proportional to ( [j J ) , B\ belongs to the second factor of the Iwasawa decomposition. This 
shows that F\B\ is the Iwasawa decomposition of 

e X p(^ 7i A- i eA) = ^ASA 

i=0 

Since [F\(j), Cx] = 0) we conclude that 7 G T^ x . □ 
Remark 5.6. Holomorphic functions f, g : C* — > C are given by 

Theorem 8.2 in Forster [11] assures that f, g extend to holomorphic functions on C*. At fixed 
points of the involution a (zeroes of v), the function fj, — o* \i has zeroes. 

In case v has higher order roots, the function (fi — a*fx)/v may have a pole. Then the condition 
that fx = fv + g is stronger than \x being holomorphic on £*. 

The 1-form d\n/j, is meromorphic on S ; and changes sign under the hyperelliptic involution. 

The closing conditions for regular spectral curves. In the following we restrict to the 
case where a has only simple roots. Then the spectral curve E is a hyperelliptic curve without 
singularities. The closing condition is simplest since we only need to check the existence of the 
holomorphic u by Remark 5.6. 

Proposition 5.7. Let a be a complex polynomial of degree dega = 2g satisfying (2.7) and (2.8). 
Then on S (2.11) there exist for all r G C a unique meromorphic differential 4> such that 

(1) a*<t> = -</>, p* = -4>, v *4> = 4> 

(2) (f> has second order poles at and 00 without residues, and no other poles. 

(3) <j)= {ire^^dVx^ 1 + 0(1) at X = and = \ife~ ie I 2 d^f\ + O(l) at A = 00. 

(4) j^ a% $ = ( la^ 1 ^) = f or a ^ ro °t s a i °f a where the integral is computed along the 
line segment [a^l/aj]. 

In conclusion there exists a unique polynomial b of degree g + 1 such that 4> = j^z which satisfies 
X^biX- 1 ) = -6(A). 

Proof. We make the Ansatz that <f> = The conditions (1), (2) and (3) fix the highest and 
lowest coefficient of 6, so there remain g real free coefficients of b. These coefficients correspond 
to holomorphic differentials satisfying condition (4) that Re( <f>) = 0. The first equality 
comes from the reality condition (1) and reads 



rai/\ai\ rl/a-i 

/ 0= / 4>- 

J cti Jai/\ai\ 

Concerning uniqueness, holomorphic differentials whose integrals along cycles are imaginary, are 
zero by Riemann's bilinear relations. □ 

Definition 5.8. We define a compact Riemann surface with boundary by £ = S \ U^i where 7$ 
are closed cycles over the straight lines connecting ai and 1/aj. 
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Corollary 5.9. Let a be a complex polynomial with dega = 2g satisfying (2.7) and (2.8). 

1) // there is r G C and b which satisfies (l)-(4) of Proposition 5.7, then there exists a unique 
meromorphic function h(X) : E — > C such that a*h(X) = —h(X) and dh = 

2) 1(a) corresponds to minimal annuli in 8 2 x R if and only if there exists teC with re 10 / 2 G R, 
and such that the polynomial b defining the function h(X) : E — > C, satisfies a*h(X) = —h(X) 
and dh = and attains values in TriZ at all roots of (A — 1) a(A). 

Proof. 1) On a small neighborhood of A = 0, the function h is uniquely determined by dh = 
up to some additive constant. This constant is determined by a*h(X) = —h(X) in this small 
neighborhood. By conditions on b have f dh = 0, so 



Hi 

bdX f 1 ^ bdX 



fbdX = f^ 
7 7l ^A 2 J a . 



uX 2 



0. 



Now we can uniquely extend the function h to E. 

2) For an immersed annulus X±(z) = (F 1 (z)cr 3 F^ 1 (z), Re (-ie 10 / 2 z)) in S 2 x R the extended 
frame admits a period r € C with re 10 / 2 G R, and periodic Killing field (\(z + t) = (\(z). 

This implies that dln/x is a meromorphic differential with second order pole at and oo without 
residues and no other poles and satisfies condition (l)-(3) of Proposition 5.7. The integrals of 
din /j, along closed cycles are integer multiples of 27ri, since the function \x is globally single- 
valued by condition (4). Since the extended frame F\(z) is periodic then = ±1. Since 
/U 2 = 1 at branch points Qj, it is equivalent to the condition ln//(«i) G i7rZ. Hence there is a 
polynomial b associated to r G C such that d\n/j, = 

Conversely, consider (a, b) such that on the spectral curve S the meromorphic differential 4> = 
jfjp satisfies J"' (p G 7riZ and f® J <j) G 7riZ. While h(X) = J* is a multiple-valued function 
on S, the function e h : E — > C is again holomorphic. It is described in proposition 5.5 where 
r is given by the residue of <fi at and oo. Then (\(z + r) = Ca^X and we can integrate the 
extended frame F\. There remains to prove that Fi(t) = ±1. We remark that a solution of 
the characteristic equation of a solution of F^dF\ = a defines a meromorphic differential din// 
which satisfies (l)-(3) of Proposition 5.7. By uniqueness of such differentials, dln/j, = 4> and 
/u(l) = e^ 1 ) = ±1 so that F\(z) is r-periodic. □ 

Definition 5.10. The spectral data of a minimal cylinder of finite type in § 2 x R with sym point 
at A = 1 is a pair (a, b) G C 29 [X] x C g+1 [X] such that 



(i) A 2 %(A"!) = o(A), A~%(A) < for all X G S 1 and a(0) = -^e i0 ; 

(ii) X3 +1 bCX- r ) = -6(A), 

(iii) 6(0) = J ^2~ G e 10 / 2 R (for closing condition of the third coordinate). 

(iv) Re ^ 1^°' = /or all roots ai of a where the integral is computed along the straight 
segment [ai, 

(v) The unique function h : S — > C where X = E — U7i and 7, are closed cycles over the 
straight lines connecting ai and l/ai, such that 

a*h(X) = —h(X) and dh = —k 

v \ 

takes values on inZ at all roots of (A — 1) a(A). 

(vi) When a has higher order roots then e h = f v + g for holomorphic f,g:C x — > C. 

6. BUBBLETONS 



The term 'bubbleton' is due to Sterling- Wente [28]. They are the solitons of the theory, and finite 
type solutions of the sinh-Gordon equations with bubbletons have singular spectral curves. For 
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more details on the relationship between bubbletons, Bianchi-Backlund transformations, simple 
factors and CMC surfaces we refer to [17, 16, 18] and the references therein. By Proposition 4.3 
we can discard roots of a potential £\ without changing the surface, but it remains to discuss 
roots of det £a where £a is not semi-simple. 

We now consider potentials £a for which the polynomial a(A) = — Adet^A has higher order 
roots. Roots of £a come in symmetric pairs ao, 1/ao £ C*. Because the polynomial A i— >■ a(A) is 
homogeneous of degree 2, such roots generate even roots of order at least 2 in the polynomial 
a. Then there exists a polynomial a with 

o(A) = (A - a ) 2 (l - a X) 2 a(X). 

We study such £a and show that they can be factored into a product of simple factors (see below) 
and a potential £a £ I{a>)- If £ Q0 / but ord Q0 det^A > 2, then the matrix £ Q0 is nilpotent and 
defines a complex line 

L = ker£ Qo = im £ ao G CP 1 . 

Let v\ G C 2 be a unit vector which spans L, and complement wi to an orthonormal basis (vi, V2) 
ofC 2 . Set 

p(X) = (A - a )(l - a A) 
and let G SU 2 with Qiiei) = v\. The entries of £a in the basis (v\, V2) are given by 

( , n-^wrtr — ( "( A )^( A ) /3(A)(1 -q A) 2 

(6 - 1} Q t ?(A) Ql - V7(A)(A - a ) 2 -a(A)p(A) 

where — Aa(A) 2 + A/3(A)7(A) = — a(A). If (ui,U2) G ker£(ao) then (— U2, «i) G ker£(l/ao). 
Simple factors. Define for A / ao,^ 1 the SL2<C-valued maps 

( / X-OLQ Q \ 

° <)A ' alld n L ■= Ql^ooQI 1 ■ 

At A = 0, we apply the (^-decomposition to get 

vtl(0) = Ql^vMQI 1 = Qo,lRo,l = Ri,lQi,l 

where Qo,l,Qi,l G SU 2 and Ro,l,Ri,l are upper triangular matrix of the form (J -1) for 
p G M + both depending in ao and L. 

Definition 6.1. Let L G CP 1 and ao G C mi/t r < min{|ao|, l/|ao|}. A left simple factor is 

a map 

9L,a (X) = 7T^ 1 (A)Qo,L • 

Denote tf£ Q = {g L , ao \ L G CP 1 } ^ CP 1 , and note that H e aQ C A+SL 2 . 
^4 right simple factor is a map 

hh,a {X) = Qi,L7r£ 1 (A) . 
Denote H r aQ = {h L:Ol0 \ L G CP 1 } CP 1 , and note that H r aQ C A+SL 2 . 
Lemma 6.2. There is a one-to-one correspondance between H^ Q and H^ Q via 

(6-2) gL,a = 7Ti 1 Qo,L = Qo,L^j} = h L',a 

where 

L> = Qo\ L and Ql,L' = Qo,l ■ 
Reciprocally, if L' is given then we can define a QR- decomposition 717/ = R\,l'Q\,L' with 

L = Qi,L'L' 
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Proof. From any A G SU 2 and L' = AL, we note Qal = AQl- Hence itl> = QalKo^Q al = 
AttlA^ 1 . Now we define V = Qq\L and we have 

With 7Tl(0) = Qo,lRq,l, we observe that 

71"L'(0) = Q ^l(.^)Qo,L = Rq,lQo,L = Rl,L'Ql,L' 

hence Qi,l' = Qo,L- Then 

If V = Qo* L L, we have L = Q , L L' = Qi,l'L'. □ 
Now we consider the matrix £ A G /(a) given by £ A = P _1 (^)3l,q Cx9L,a - 

Proposition 6.3. Let £\ G /(a) wi/t £ ao / and ord ao det^A > 2. T/ien £a uniquely factorizes 
as 

wi/t L = ker£ ao and £a G /(a). 



Proof. The matrix £ ao uniquely defines the line L. Consider £\ = p 1 g L ao £,\gL,a - We need to 
prove that £a has no poles at ceo, «o 1 an< ^ £a G /(a). First define 

i _/ a(A)p(A) /3(A)(1-« A)^ 
• ^ (A)(A _ ao) 2 _5(A)p(A) 

The following matrix has no pole nor zeroes at A = a>o, <5q 1 : 

n -i n t _ f «o n -i f n ^al _ (a{\) /3(A) \ 

Q L QoMxQ ,lQl - -^=Q L ZxQl-^ - ^ (A) _ fi(A) J • 

The residue of | A at A = is Ro^LiRol- As ^o,L € A+SL 2 C, we conclude that the residue 
takes values in iM + (§ J). Therefore £a £ D 

Using the relation (6.2) between left and right factors immediately yields 

Corollary 6.4. Let £a G L(a) with £ Q0 / and ordo, a(A) > 2. T/ien £a uniquely factorizes as 

= p(A) /l L ',a 6 ^Z'!a 
wi/t (I/,|a) G CP 1 x /(a) w/iere L' = Q ^L and L = ker£ Qo . 

The factorizations of Proposition 6.3 and Corollary 6.4 give rise to pairs in CP 1 x 1(a), and we 
say that we decompose such £\ into (L, £\) or (L 1 , £a)- 



A special situation occurs when L is an eigenline of £q, . 

Proposition 6.5. Suppose £a decomposes into (L',^\) and £ ao L' 1 - = L' L . Then £a has zeroes 
at A = oto,l/cto. Furthermore the singularity of the spectral curve is removable and up to a 
conformal change of coordinate the potentials £\ and £\ induce the same extended frame. 

Proof. We prove that dimcker£ ao = dime kerp(a ) 7r L/ 1 (ao)Ca 7r i'( a o) = 2. If L' 1 - =< f 2 > is 



an eigenline of f ao then ttl'(X)v2 = y \-ao V2 anc ^ 

^lH a o)ia ^L'(ao)v2 = IJ-V2 and £ ao v 2 = 

If L' =< vi >, we have tvl'(X)vi = yj ^L^x v i an d p( a o) 7r i/ 1 ( a o)fa 7r i'( a o)^i = 0. Then £a has a 
zero at A = ao and we can remove it without changing the extended frame by Proposition 4.3. □ 
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Terng-Uhlenbeck formula. Let £a G 'Pg with £ ao / , ord ao a(A) > 2 for some Qo G C x \S 1 . 
Suppose £a decomposes into (L', £a), an d let < r < min{|aoj Vl a o|}- Now consider the 
unitary factor F\ : M 2 — > A r SU 2 (C) of the r-Iwasawa decomposition 

exp(z£ x ) = F x B x 

and we define F x : M 2 — > A r SU 2 (C) to be the unitary factor of the r-Iwasawa decomposition 

exp(zp(\)ix) = F x B x . 
Terng and Uhlenbeck [30] obtained a relationship between F x and F x and found 

F x (z) = h Vm F x {z)h^ g)jao with L'(z) = . 

We provide a proof of this in the appendix. We next show that closing conditions are preserved 
when changing the first factor in the factorization (L 1 , £ x ). 

Proposition 6.6. If there is (L' Q , £ x ) G CP 1 xl(a), such that £ ,a = p(A) ^L(,,a ^ hj/'ao ^ n( ^ uces 
a minimal annulus with period r, then for any L[ G CP 1 , the extended frame associate to 
= p(X) h L ' i Ot0 £ x hj} ao produces a r -periodic minimal annulus. 

Proof. The annulus induced by Fo jX is periodic, then at A = 1, ^0,1(2 + t) = Fq^(z). In 
particular Fq^(t) = 1 and the solution of sinh-Gordon equation is periodic ujq(z + r) = ojo(z). 
This period condition on ojq implies Co,x( z + t) = Co \( z ) f° r anv A G C and z G C, since 
entries of Co,x( z ) depend only on cuq(z) and its derivatives. Now we remark that the associate 
polynomial Killing field Co,x( z ) G 1(a) decomposes uniquely as (L' (z), (x( z )) G CP 1 x 1(a) where 
L' (z) = Qo* Lo r z \L (z) and L (z) = ker Co, Qo ( z ) ■ Now C,o, ao ( z ) periodic implies that L (z) and 
L' (z) are periodic. The decomposition of Co,x( z ) is given by 

Co,A(*) = P(>)9L {z), a M z )9ll (z) ^ = P( X ) h L' (z), ao U z )hll(z),a 

and ( x (z + r) = ( x (z) for any A G C. We can recover explicitly this relation by using the 
decomposition with L' = Qq\L and the formula 

Fx( z ) = h L>0 F x (z)hl} (z) ^ 

where L' (z) = *F ao (z)L' . Then 

(0,\( z ) = F X (z)-% iX F X (z) = ^),ao^A" 1 (^) /l L; ) ,a ( ^0,A/i^, Q( /A(^)/iL ;) ( z ), Q() • 

Since Lq(z + t) = Lq(z), we have L' (z + r) = L' (z). The periodicity of F\(t) = 1 imply that 
Fi(t) = 1, and then there is an annulus without a bubbleton associate to the polynomial Killing 
field Ca- Now we consider £1^ associate to (L' 1; ^a) and we prove that its extended frame has 
the same period r. To see that, there remains only we to prove that F ao (r) = 1 to conclude the 
periodicity of L[(t + z) = t F aQ (r)L' 1 (z). 

If L' (t) = L' Q , then L' Q = L' (t) = *F Q0 (r)L and L' Q is an eigenvalue of *F Q0 (r) = F'^r), 
hence (L'q) 1 - is an eigenline of F Qq (t). 

Recall that Ca( t ) = Ca(0) for any A G C implies that [£o,a > -^ao( T )] = 0. This implies that (L'q) 1 - 
is not an eigenline of £o,a > if n °t the polynomial Killing field £o,a would have a zero and we 
could remove the singularity of the spectral curve. 

Recall that if A G SL 2 (C) and B G sl 2 (C), then [A,B] = implies A = xB + yt. This implies 
F ao (r) = xf ,a + D 1 - Now £o,a L o L o implies x = and thus F ao (r) = ±1. □ 
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Group action on bubbletons. We prove that there is a group action which acts transitively 
on the first factor L' of the decomposition £a into (L',£ x ). For £\ G V g and /3 G C, define 



m(/3, 6 



A— an ^ l—a^X 



+ T^A ) when g = 2k+l 



+ T^A ) ( A ^ + Al ~ S )£A when g = 2k 



£ - 



X—oco 1— aoA 



Let exp(m(/3, = F X (P) B X (P) be the r-Iwasawa factorization for r < min{|ao|, 1 / 1 cto | } - We 
have a complex 1-dimensional group action fr : C x 1(a) — > 1(a) defined by 

(6.3) mCx = F x (/3)- 1 CxF x ((3). 

Clearly then = tt(/3)6 := F^ 1 (0) £ x F x {0) = B x (p) £ A B~\p), and the action (6.3) is 

isospectral. The potential £ x (/3) has a decomposition (L'((3), £\(/3)), and we prove next that 
£a(/3) = £a is invariant under this action. 

Theorem 6.7. Suppose a potential £ x decomposes into (L',^ x ) G CP 1 x 1(a). Then the action 
(6.3) on £a preserves the second term ^ x . If det£ ao / 0, i/ien C acts on L' G CP 1 \{L' 1 , L' 2 } 
transitively where (L^)^, (L^) 1 ' are eigenlines of£ ao and fixed points of the action. If det£ ao = 0, 
then C acts on L' G CP 1 \{L / 3 } transitively where (L^) 1 - is the eigenline of £ Qo . 



Proof. We consider for (3 G C the map 



Y>(A,/3) 



/3 , 0X 



1-9 



A=^ + ) A" P(A) £ A when 9 = 2fc + 1 

(A^ + T§A)( A ^+ Al ~ f M A )eA when 5 = 2A; 



We have to construct ip in such a way that t ip(l/X, (3) = —ip(X, P) to ensure ip G A r su 2 . We have 
by the r-Iwasawa decomposition exp(ip(X, P)) = F x (j3). Further, since B X (P) = 1 we have 

F X H(3) ix F x (f3) = B x (f3) ix B X \P) = L ■ 

Suppose £ X (P) has a decomposition (L'(/3), £ A (/?))• We prove next that £a(/?) = £a is invariant 
by the group action. 

We have F x (p)B x (p) = h v , ao exp^A, /3))^ 1 )tt0 = h L ,, ao F x (p)hl} aQ , and by the Terng-Uhlenbeck 
formula 

Fx(P) = h L >, ao F x (P)h L } Wtao where L'(f3) = 'F^L' . 
Applying the action and the invariance of the conjugation of £ x by F X (P) we have 

£ A (/3) = n(P)^ x =p(X)h L , (pla{) i x hl} { ^ ao . 

This proves that £ A is invariant while L'(p) changes under the group action. We consider now 
the map (3 — > L'((3), and prove that this map spans CP 1 (if L'(0) / L' Q ). 

First we assume that det£ ao / and det^/^ / 0. We denote by v±, V2 the eigenvectors of 
Ci/a > an d by vi, i>2 the associate eigenvalues. Since trace £ x = 0, we have v 2 = —v\. Now we 



have 



r ii>(ao,p) = -il>(l/ao,P) := /3 7o £i/a 

'F Q0 (/3) = exp(-^(l/a ,/3)) 
and with L' =< xv\ + yv2 >, we have 

t F ao (P)(xv 1 + yv 2 ) = exp(-ip(l/a ,P))(xvi + yv 2 ) 

= exp(-/37o^i) xvi + exp(- Pj u 2 )yv2 = w . 

Hence 

'F Qo (/3)L' =<w> 
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and the map V : CP 1 — > CP 1 given by L'(j3) =< w > is surjective since 

p : CP 1 — >< exp(-/37 z/i)xvi + exp(^ u l )yv 2 >€ CP 1 

is surjective. 

Now we assume that det £ ao = det£]y go = 0. There exist a basis (v±,V2), with 

L/a Vl = and fi/a t>2 = 

exp(-^(a , + yw 2 ) = -(x + /?7oy)^i - yv2 

For y ^ the map 

/3 : CP 1 ^< (x + /3 7o y)t;i + y« 2 >€ CP 1 
is surjective. When y = then L' = v\ is an eigenvector of £ Q0 and there is no bubbleton. □ 

7. Spectral curves of the Riemann family 

The Riemann family consists of embedded minimal annuli in § 2 x R that are foliated by horizontal 
constant curvature curves of § 2 . From [12] these annuli can be conformally parameterized by its 
third coordinate with Q = \{dz) 2 and the metric ds 2 = cosh 2 a;|d2r| 2 is related to a real-analytic 
solutions of Abresch system 



(7.1) 



Au} + sinh u cosh u> = , 



The second equation is the condition that the curve x — > (G(x,y),y) has constant curvature. 
This condition induces a separation of variables of the sinh-Gordon equation, and solutions can 
be described by two elliptic functions 

(7.2) fir) — ^ and g(y) = " 



cosh co * cosh oj 

of real variables x and y respectively, and for c < 0, d < solve the system 

-(fx) 2 = f + (l + c- d)f 2 + c , - f xx = 2f + (1 + c - d)f , 
-{9y? = g 4 + (l + d- c)g 2 + d, -g yy = 2g 3 + (l + d-c)g. 
We can then recover the function co by 

(7.3) smhco = (l + f 2 + g 2 )-\f x + g y ). 

The spectral curves of members of the Riemann family have spectral genus 0, 1 or 2. The 
spectral genus zero case consists of flat annuli 7x1, where 7 C S 2 is a great circle. In this 
case the solution of the sinh-Gordon equation is the trivial solution co = 0. The spectral genus 
1 consists of solutions of the sinh-Gordon equation that only depend on one real variable. The 
corresponding minimal annuli are analogous to associate family members of Delaunay surfaces. 
In particular the spectral genus 1 case contains the rotational annuli and helicoids, and these 
are foliated by circles. Amongst the spectral genus 2 surfaces, the corresponding minimal annuli 
are again foliated by circles, but no longer have rotational symmetry. This condition endows 
the spectral curve with an additional symmetry. 

Spectral genus 0. We first study annuli with spectral curves of genus 0. Inserting the trivial 
solution of the sinh-Gordon equation ujq = into (1.3), and setting 7 = 1, gives 

™ ««*>=!(! iA o~>+H A ») rff 
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The solution of F^dFx = a(w ), F A (0) = 1 is given by 

„ (i ( X^z + z" 

Fx = ex »\i\z + \z 

(7 ' 5) / cos(i(zA- 1 /2 + ^A 1 /2)) iA- 1 /2 sin (i( z A- 1 /2 + ^A 1 /2)) 

" ViA x /2 gin Q {zX -i/2 + f A i/ 2) ) cos(!(*A-V2 + zA 1 ^)) 

The horizontal part of (F\as F^ 1 , Re(—iX~ 1 / 2 z)) computes to 

jp-i_f icos(Re(zA- 1 / 2 )) A" 1 / 2 sin(Re (z A _1 / 2 ))\ 
^ AfT3i<A " V-A 1 / 2 sin(Re(zA- 1 /2)) -icos(Re (z A -1 / 2 )) J 

Identifying su 2 = R 3 , ~ ( u > w ' u ')' evaluating the associated family at A = 1, and 

writing z = x + in, we obtain the conformal minimal immersion C -> S 2 x I C K 4 given by 

Xi(x, y) = (since, 0, cos cc, y) . 

Restricting X\ to the strip (x, y) G [0, 27r] x R then gives an embedded minimal flat annulus 
in § 2 x R. Evaluating the associated family at some other point Ao G S 1 , then r-periodicity 
requires that Rc(tAq 1//2 ) G 2 7rZ. 

We next compute the corresponding spectral data (a, 6). Since 

F A = exp(z&-z£^*) for & = H?V) 

coincides with the extended flat frame (7.5) computed above, we conclude that £a is a potential 
for the flat surface. Hence o(A) = — Adet£ A = —1/16, and the spectral curve (2.11) is the 
2-point compactification of {(v, A) | v 2 = — A _1 /16}. The flat annulus has the simplest possible 
spectral curve. It is a genus zero hyperelliptic curve, so a double cover of CP 1 with two branch 
points. 

The eigenvalues of F\ in (7.5) are exp(±|(zA _1 / 2 + zA 1 / 2 )). Therefore the logarithmic eigenvalue 
(up to sign) of the monodromy with respect to the translation z i— > z + 2ir is 

lnMA) = f (A-V2 + AV2). 

Then 

vri(A-l) vr(l-A) 

dln ^ = ^72- dA = ^6A^r dA 

since A 3 / 2 = -4iAV Thus 6(A) = §(1 - A). 

Spectral genus 1. We apply the Pinkall-Sterling iteration to the case where lo satisfies auj z + 
f3ujz = for a,/3 G C. The relation implies that \a\ = and up to a change of coordinate 
we assume without loss of generality that uj x = 0. Then uj z = — w 2 , and we are exactly in the 
setting of Abresch's system [1] and there is a constant d < with —b 2 = (6 2 + l)(b 2 + d) where 

(7.6) b(y) = — L p L - and sinhu; = — ^—r . 

v 1 yy> coshw 1 + 6 2 

We now use the Pinkall-Sterling iteration to compute the polynomial Killing field. Starting with 
u-i = <t_i = and r_i = i/4, and using 4w 22 - = — \ sinh(2w), gives 

n = -4iw 2 r_i = uj z , cr = 7 e 2w r_i + 417 n 0;2 = \ 17 e~ 2tu . 

We use the function <^>o to compute To = 2i7(l0o — uq- z ). We have no = — wg, and then 

0o ;2 = — 4cj z u; 22 - = | (cosh(2u;)) 2 , 0o ;2 = — w 2 sinh u> cosh w = |(cosh(2a;)) 2 . 

Then r = 2i7 (w 22 + | cosh(2w)) = ii7e~ 2w . 
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At the next step we find u\ = — 2ir 0;2 — 4iu; 2 To = 0, o\ = 7e 2a Vo = \ and t\ = 0. This gives 
the polynomial Killing field (2.2) as 

i / -2u y e^\- l +^e-^\ 
W > 4 \je' u + e u \ 2uj y ) ' 

Then a(A) = - A det Ca = - jq (7 + (2 cosh(2w) + Auj 2 y ) A + 7A 2 ) . Using (7.6) gives 

2uiy + cosh 2oj = 2b 2 cosh 2 oj + 1 + 2 sinh 2 w = 1 - 2d . 

so that a(A) = (7 + 2(1 - 2d) A + 7A 2 ). Its roots are (2d - 1 + 2^ - d) 7- If 7 = ±1, then 
this polynomial satisfies the additional symmetry 

(7.7) X 29 a{l/X) =a(A), 

for g = 1, and then has two real roots. The corresponding spectral curve is a double cover of 
CP 1 branched at 4 points, so a hyperelliptic curve of genus 1. To close the surface, we have to 
close the third coordinate with Q = \^Xq 1 (dz) 2 = \{dz) 2 . Riemann annuli of spectral genus 
1 satisfy uj x = or oj y = 0. This means that Ao = ±7. We can parametrize the annulus in 
such a way Ao = +1, and apply the iteration with 7 = +1. This corresponds to the case where 
y —7- oj(y) depends only on its third coordinate and describes rotational examples. In the other 
case, where Ao = 1 and 7 = — 1, this corresponds to the helicoidal surfaces, where the surface is 
foliated by horizontal geodesies. In this case the function x — > oj{x) depends only on the variable 
x. 

Symmetric spectral genus 2. We next consider general real-analytic solutions of the Abresch 
system. In this case we first prove that they correspond to spectral genus 2. 

Lemma 7.1. Every solution oj : R 2 — > E of the Abresch system (7.1) satisfies the relation 

(7.8) uj zzz -2uj 3 z = -\oj z + \(c- d)oj z . 

Proof. Differentiating oj z = — ^ (/ — ig) coshw gives 

oj zz = \{f — ig) 2 sinh oj cosh oj — \{f — ig) z coshw . 
Now using the equation of the system, we have 

2(/ - a). - /. - fc - a±£±^feg±fe» = «-££r» . 

Then oj zz = tanhw oj 2 — | coth oj (g 2 — f 2 + (d — c)) and thus 

tanhw oj zz - tanh 2 ojoj 2 + \{g 2 - f 2 ) = \{c - d) G E 

since the imaginary part is tanhu(uj X y — tanli^^^) = 0. Using the expression for f x + g y and 
9y — fx we obtain 

2/x = (1 + f + 9 2 ) smh oj - (f 2 - g 2 + (c - d)) sinh" 1 oj , 
2g y = (1 + f 2 + g 2 )sm\mj + {f 2 - g 2 + (c - d)) sinh" 1 a; . 
To understand higher order derivative we write 
-2(g 2 -f 2 + {d- c)) z = (2ff x + 2igg y ) 

= (f + ig)(l + f 2 + g 2 ) sinh^ - (/ - ig)(f 2 - g 2 + (c - d)) sinh" 1 oj . 

We can check that 

l(f + ig) coshw = -\oj z , 

\ (/ + i 9 )(f + 9 2 ) cosh oj = _ i5) 3 + -f-i/^/ - i5 ) = - if^ 2 . 
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Now we compute 

uj zzz — 2uj\ = —2uj1 + wfsech 2 co + 2 tanh(aj) uj z uj zz + \ u^csch 2 uj (g 2 — f 2 + (d — c)) 
-lcothu(g 2 -f 2 + (d-c)) z 

= -2uj z + u 3 z sech 2 uj + 2w z (tanh 2 (w) w 2 + |(/ 2 - # 2 + (c - d))) 
+ \ Uz{g 2 — f 2 + (d — c)) csch 2 uj — \ uj z — w^sech 2 co 
- ifguz - §(/ - i^)(/ 2 - 5 2 + (c - d)) coth (a;) csch (uj) 

= - \ ujz + oj z (2 tanh 2 (uj) uj 2 - 2uj 2 ) + \ (c - d) uj z + \ (f - ig) 2 uj z 

= -\u>z + \{c-d)uj z . 

□ 

Now we use the iteration of Pinkall-Sterling to compute the spectral curve associated to the 
algebraic relation (7.8). It is a priori a one-parameter family of algebraic relations but uj itself 
encodes other invariant quantities than the one found in the expression of uj zz . We seek the 
solution &\ of the Pinkall-Sterling iteration and find 

U-l = , u = oj z , U\ = joj z , u 2 = 0, 

= , a = \i^e~ 2uJ , a x = 2ie~ 2ul {uj zz + uj 2 + \(c - d)) , a 2 = -\ ij, 

T-i = \ i , to = 2i7(w 2 - uj zz + \(c - d)) , n = - \ i^ 2 e' 2ljj , r 2 = . 

This defines a solution of the Lax equation $ by (2.2) of degree N = 2. To obtain a polynomial 
Killing field we skew-symmetrize and define 

Then (\ satisfies A Ci/a* = ~Cx an d has A _1 -coefficient |ie w (l — 7) ( § o ) ■ ^ or Ca to be ^-valued 
we require that |ie w (l — 7) G which means that 7 = —1. In this case, Q = \j\~ 1 (dz) 2 
implies that the Sym point is at A = —1 and the entries of the polynomial Killing field are 

a = (oj z - Xuj z ) , 

(3 = i A" V + i(e- w ( W | + w«) - e"^ 2 + c^) + |(c - d)(e~" - e w )) - f A e" w , 
7 = -ie" w + iA(e- w ( W 2 + - e^ 2 + W «) + i(c - d)(e~" - e u )) + f AV . 

To compute the spectral curve, we have only to compute a(A) = A(a 2 + ^7) at one point. 
We choose a point where u(xo, yo) = d x f(xo) = d y g(yo) = 0. At this point we know that 
u zz = uj zz = 0. At this point we have 

/(so) = fo = -dMxo) = + d - c + VA) , 

s(yo) = 5o = -d y u}(y Q ) = \ (-1 + c - d + \/A) . 

where A = (1 + c - d) 2 - 4c = (1 + d - c) 2 - 4d. 

Writing a(A) = A (a 2 + /?7) = ao + aiA + a 2 A 2 + a3A 3 -|-a4A 4 , and using uj z (x , y ) = -^(/o — i#o) 
and oj z (xo, yo) = — \(fo + iffo)) a computation gives the real coefficients 

ao = «4 = 

01 = a 3 = \ (w 2 + uj 2 z ) = i(/ 2 - g%), 

a 2 = (w^ + uj) - 2 (w z w 2 + uj 2 uj 2 z ) ~\ = -\-\gl~\fo ~ fhl ■ 

The four real roots of a(A) are —1 — 2/q ± 2\J /q + /q , 1 + 2<7g ± 2^ ffo + 5o' an< ^ a (^) satisfies 
the additional symmetry (7.7) for g = 2. In summary the spectral data of the two parameter 
family of Riemann family are given by 
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Proposition 7.2. The genus spectral data of an embedded annulus with Sym point A = 1 is 
given by 

1) a (A) = -i and 6(A) = §(1 - A) 

The genus 1 spectral data of an embedded annulus with Sym point A = 1 is given by 

2) a(A) = ig^(A — a)(aA — 1) for a G (0, 1) and 6(A) = ^1 (A - 7 )( 7 A - 1), with 7 € (a, 1) 
and 6(0) G iR 6oi/i determined by a. 

3) a(A) = ^(A + P)(p\ + 1) /or /? G (0, 1) and 6(A) = ^(1 - A)(l + A) and 6(0) G R 
determined by (3. 

The genus 2 spectral data of an embedded annulus with Sym point A = 1 is given by 

4 ) a ( A ) = Tefe( A " «)(« A " X )( A + W A + !) /° r G (°> x ) mrf K A ) = ^(1 + A)(A - 
7) (7 A — 1) /or 7 G (a, 1) one? 6(0) G iR 6oi/i determined by a and f3. 

In conclusion, the polynomial a satisfies the additional symmetry X 2g a(l/X) = a(A) and 

a) X 9+l b(l/X) = 6(A) if a has a root a G R + and 6(0) G iR; 

b) Af +1 6(l/A) = -6(A) i/a /mm on/y roots in R~ and 6(0) G R. 

Proof. We have seen above that spectral curves of the Riemann family have an additional invo- 
lution (A, v) — > (A -1 , X 1 ^ 9 ^), since in all cases A 2fl a(l/A) = a(A). Now depending on a(A), we 
construct a function /i which satisfies the closing condition of the annulus. We prove that there 
are constants 7 and 6(0) such that 6 satisfies the closing condition of Proposition 5.7. 

First we remark that A s+1 6(l/A) = —6(A) by construction. We look for h satisfying a*h = —h 
and dh= ffl. First we need to prove that h is well defined on S (Definition 5.8). 

In cases 1) and 3), there is a root a G (0,1). Along the segment (a, 1/a), the polynomial 
6(A) G iR and v G iR. Since 6(A) has exactly one root in the interval (a, 1) at 7 G (a, 1), there 
exists exactly one value of 7 which cancels the following integral for a given a and /3. Using the 
additional symmetry, there is a real 7 G (a, 1) with 

/■i/a 6 f 1 b 

/ —dX = 2 —dX = 0. 

Ja VX 1 J a VX 1 

Moreover, in cases 2) and 3), we have by the reality condition that 

r-i/fi b 

/ — ■= dX = . 

J-a vX 1 

Now the function h with dh = and a*h = — h is well defined on S, the curve with the two 
cycles around (— 1//3, —pi) and (a, 1/a) removed. 

For the involution k : (A, v) — > (A, P) on S have n*h = —h, since 6(A) = 6(A). 

On the real axis between A = and A = a (or A = 1 in the case 2)), the polynomial a takes real 
positive values. Then the segment (0, a] ((0, 1]) is a set of fix points for the involution k. On 
this segment we deduce that h = K*h and the function h is purely imaginary on this segment. 
Since the integral dln/x = 0, the function h is imaginary at A = 1 and h(a) = h(l) G iR. 

The involution p in (2.12) leaves S 1 invariant, and we have p*dh = —dh. Hence dh G iR on S 1 . 
Thus on the unit circle h stays imaginary, so in particular h G iR at A = — 1. 

The segment (—1, — P) is a set of fixed points for k and the function h G iR on this segment. 
Since on the real line the function a(A) changes sign and become real negative on (~P, 0), the 
function h G R on this segment. We can then deduce that h{~P) = at this point. Now we can 
choose the value of 6(0) to get a multiple value of 7ri at the sym point A = 1. This proves the 
closing condition and concludes the proof of the proposition. □ 
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Lemma 7.3. If 7 is a root of b, then the corresponding function |/x('y) | 7^ 1. 

Proof. For A G [a, a -1 ], the function ft, = ln/z is real and J* cZ/i = 0. Then 7 is a root of dh and 
is contained in (a, 1). Since Reh(a) = Re/i(l) = 0, the value 7 is the local critical point of h. 
Then Re ^(7) / 0, and consequently |//| / 1. □ 



Appendix A. Terng-Uhlenbeck Formula 

Proposition A. 1. LethL>,a G -ff« the simple factor with ao G C*\S 1 ; withr < min{|ao|, l/|«o I } 
and L' G CP 1 . T/ien 

= h L >,a Q F x {z)h- L \ z) oiQ with L'(z) = *F ao [z)l! . 

Proof. By r-Iwasawa decomposition 

F x (z)B x {z) = exp(zZ x ) = exp(zp(A)/i L / jQO £ A /i L / ao ) = h L > <ao exp(;zp(A)£ A )/t~/ Qo G ArSL 2 (C) 

and /iL' )Q0 G A+SL 2 (C) (/i£/ iQ , (0) = Qi,l'Q L'^ao (®)Ql^ = at A = and 7r is holomorphic 
for r < |ao|). Then 

exp(zp(A)&)^ ao = *a(*)£a(*) = F x (z)(B x (z)h- L }j 

Now we have 

F A (z)B A (z) = ^, Qo exp(^(A)fA)^a = h L >, ao F x (z)B x (z) = {h L> ^F^H^H' 1 B' x {z)) 

By uniqueness of the r-Iwasawa decomposition we have only to prove that if H = h^}^ ao G H^ Q 
with L'{z) = t F ao {z)L' then h L ^ ao F x (z)H G A r SU 2 (C). Clearly 

hv, ao F x (z)K\z), aQ G A r SL 2 (C) 

is holomorphic on A r away from ao and 1/ao, taking value in SU 2 (C) on S 1 . At the roots «o 
and 1/ao, we have simple pole and we have to study the residue of 

G x (z) = ir L }(\)F x (z)n L , {z) (\) 

Now we consider the simple factor L'(z) = t F ao (z)L' . Let be (L'(z), L'(z)^) an orthonormal 
basis of C 2 and we remark that L'(z) = *F ao (z)L' = F~ 1 () (z)L / and F ao (z)- l L' L = L'{z) L . 
When A — > l/ao, we have 



lim G x L'(z) = lim J ±^Q L ,^Q L }F x Fi Q L>(z) L> , 



lim (l-a X)G x L' ± (z)= lim (1 - a AW \ Q ° X Qi/ir^Q^ 1 F x L' J -{z) -» ■ 

A^l/ao A— >l/ao V A — CKo 

When A — ► qq, we compute 



lim (A - ao)G x L'(z) = lim (A - a )J X _"° O^g"; 1 F A L'(z) -> 0, 

A-K*o A-K*o V 1 - «0 ^ 



lim G A L'^(z) = lim JL^Q uir ^Q^F x F^L^{z) ^ , 
A->ao A->ao V A — «o 

and proves the proposition. □ 
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